Let P : C → C be an entire function. A Poincaré function L : C → C of P is the entire extension of a linearising coordinate near a repelling fixed point of P . We propose such Poincaré functions as a rich and natural class of dynamical systems from the point of view of measurable dynamics, showing that the measurable dynamics of P influences that of L. More precisely, the hyperbolic dimension dim hyp (P ) is a lower bound for dim hyp (L).
Introduction
This article is related to the measurable dynamics of transcendental entire functions of one complex variable. The goal of measurable dynamics is to understand the statistically typical behaviour of a dynamical system, which means finding natural invariant measures that describe the average behaviour of the system in question. In the case of functions of one real variable, the desired measures will often be absolutely continuous with respect to Lebesgue measure so that they represent "typical behaviour" in the usual sense; compare e.g. [Lyu00] . For complex one-dimensional systems, this approach must be modified. Indeed, the locus where the interesting dynamics of a complex polynomial f takes place, known as the Julia set J(f ), frequently has zero Lebesgue measure and even Hausdorff dimension less than two. Sullivan [Sul82, Sul83] proposed the solution of finding natural geometric measures known as conformal measures to replace Lebesgue measure, and then constructing invariant measures that are absolutely continuous with respect to these.
In the following decades, a very clear picture of this theory has emerged for rational functions. In order to provide meaningful information about the dynamics, a conformal measure should be supported on the locus of non-uniform hyperbolicity, called the radial Julia set J r (f ) (Definition 2.1). Topological Collet-Eckmann maps (Definition 2.6) provide a large class of functions for which dim(J r (f )) = dim(J(f )) [Prz98] , and for which the desired conformal measures and invariant measures exist [PRL07] . (Here dim denotes Hausdorff dimension.) Indeed, if one requires additional mixing properties for the invariant measure,
The second author was supported by a Philip Leverhulme Prize. then their existence becomes equivalent to the topological Collet-Eckmann condition; it is plausible that such maps have full measure in the space of rational functions or polynomials of a given degree. Remarkably, they include all hyperbolic functions.
More recently, the dynamics of transcendental entire functions f : C → C has received considerable attention; significant difficulties arise from the non-compactness of the phase space and the nature of the transcendental singularity at ∞. Early results concerning the measurable dynamics of such a function were mainly negative and highlighted differences to the rational case, such as the existence of hyperbolic examples whose Julia sets have empty interior and positive measure [McM87] or the fact that the complex exponential map is not recurrent [Lyu86, Ree86] and indeed not ergodic [Lyu87] . These examples suggested that the measurable theory as developed in the rational case breaks down completely for transcendental entire functions. However, subsequently it was realised that the radial Julia set of such a function often has strictly smaller dimension than the full Julia set -a phenomenon unknown in rational dynamics until very recently, see below. Stallard [Sta99,  Theorem C] was the first to notice that this may occur; in a breakthrough Urbański and Zdunik later observed that this holds for every hyperbolic exponential map f [UZ03] and, crucially, constructed conformal and invariant measures supported on J r (f ). (See Definition 2.8 for the definition of hyperbolic entire functions.) This raised the question of whether there might not be a general theory of measurable transcendental dynamics after all, in analogy to in the rational case. This problem is not only interesting in its own right, but receives additional relevance through recently announced results of Avila and Lyubich [AL15] , who gave the first examples of rational maps for which the radial Julia set has smaller Hausdorff dimension than the full Julia set. The similarity between this result and the above-mentioned transcendental phenomena suggests that a good understanding of measurable dynamics for transcendental functions will also lead to insights into the most intricate aspects of the polynomial theory.
Since the seminal work of Urbański and Zdunik, there has been much work on generalising and extending their results. We refer to the survey [KU08] for background and results, and mention here only work by Mayer and Urbański [MU08] , who treat a large class of hyperbolic transcendental meromorphic functions satisfying a certain strong regularity condition (see below -this condition is satisfied, in particular, for many maps given by explicit formulae, such as exponential and trigonometric functions). It is natural to ask whether these results might extend to all hyperbolic entire functions, or at least those having finite order of growth. It turns out that this is not the case: there is a finite-order hyperbolic entire function f for which J r (f ) has Hausdorff dimension 2 and therefore cannot support a conformal measure [Rem14] .
Despite much progress, the area suffered somewhat from a lack of good examples beyond the explicit families covered by [MU08] . ( We remark that the function in [Rem14] is constructed in a very non-explicit and rather artificial manner.) We propose to address this issue by studying the geometric properties of Poincaré functions of polynomials. In particular, we show (Corollary 1.3) that there is a large collection of hyperbolic entire functions f of finite order satisfying dim J r (f ) = 2. This provides an alternative (and simpler) proof of the main result of [Rem14] . We also answer a natural question arising from work of Stallard and the second author [RS10] (Corollary 1.7).
Poincaré functions. Let f be an entire function, and let ξ 0 ∈ C be a fixed point of f . Suppose that this fixed point is repelling; i.e., its multiplier ρ = f (ξ 0 ) has modulus greater than 1. Then, by a classical theorem of Koenigs (see e.g. [Bea91, Section 6.3]), there exists a conformal map L, defined near zero, such that L(0) = ξ 0 and L satisfies
Using the functional equation (1.1), this linearising function L extends to an entire function L : C → C satisfying (1.1) everywhere, which is called a Poincaré function for f . The functional relation (1.1) leads to close connections between the dynamics of f and the function-theoretic properties of L. (As pointed out by Eremenko and Sodin [ES90] , this idea can be found already in the work of Julia, Fatou and Lattès). Furthermore, the function L can be effectively computed using the functional relation; hence it is amenable to computer experiments. As far as we are aware, the idea of studying the dynamics of Poincaré functions -as examples that are tangible yet quite different from the usually studied families -was first proposed by Epstein in the 1990s; see [MBP12] for another instance of this approach. As we shall show, the measurable dynamics of the function f leaves an imprint on the dynamics of L near infinity, making these maps excellent test cases for the above-mentioned questions. (Such a connection was conjectured in [ER15, Section 7].) To make the preceding statement precise, we shall change our point of view slightly, from non-uniformly to uniformly hyperbolic behaviour.
Hyperbolic sets and (eventual) hyperbolic dimension. A hyperbolic set K ⊂ C of an entire function f is a compact and forward-invariant set on which the function is uniformly expanding; i.e., (f n ) (z) ≥ λ for some n ≥ 1, some λ > 1, and all z ∈ K. The hyperbolic dimension of f measures the size of such uniformly hyperbolic behaviour in geometric terms:
dim hyp (f ) . . = sup dim(K) : K is a hyperbolic set for f .
It is known that always dim hyp (f ) = dim J r (f ) [Rem09a] ; hence this quantity plays an important role in measurable dynamics. As mentioned above, the difficulty in studying transcendental functions (when compared with rational ones) arises from the presence of a transcendental singularity at infinity. The following notion measures the "limiting" properties of hyperbolic dimension as one approaches this singularity.
Definition (Eventual hyperbolic dimension).
Let f be an entire function. The eventual hyperbolic dimension of the mapping f , denoted by edim hyp (f ), is
We will mainly be interested in the case of entire functions f that belong to the Eremenko-Lyubich class B of functions having a bounded set of critical and asymptotic values. In this case Barański, Karpińska and Zdunik [BKZ09] proved that always dim hyp (f ) > 1; their proof shows also that edim hyp (f ) ≥ 1.
The notion of eventual hyperbolic dimension plays a role -albeit implicitly -already in the work of Urbański and Zdunik on exponential maps. Indeed, a key step in their construction of conformal measures is to show that that certain measures do not give much mass to points close to the essential singularity. Their arguments imply that, for exponential maps, edim hyp (f ) = 1. In essence, this is what allows one to disregard behaviour near infinity. More generally, any class B entire function covered by the results of Mayer and Urbański also satisfies edim hyp (f ) = 1 (see Proposition 3.6).
Measurable dynamics of linearisers. The following result relates the eventual hyperbolic dimension of a Poincaré function to the hyperbolic dimension of the original function.
Theorem (Linearisers with dim hyp < 2).
Let P : C → C be a polynomial of degree at least 2 with connected Julia set satisfying the topological Collet-Eckmann condition, and let L be a Poincaré function associated to a repelling fixed point of P . Then
In particular, if P is not conformally conjugate to a power map or a Chebyshev polynomial 1 , then edim hyp (L) > 1.
If additionally L is of disjoint type; that is, hyperbolic with connected Fatou set, then edim hyp (L) ≤ dim hyp (L) < 2.
Observe that the part on the dimension being greater than 1 follows from the known fact that dim hyp (P ) > 1 for such polynomials [Zdu90] . This provides many examples of functions having eventual hyperbolic dimension strictly greater than one. Some of these functions do not satisfy the conditions of [MU08] , and provide an interesting class of examples for the further study of measurable transcendental dynamics.
In general we still have some relation between the eventual hyperbolic dimension of a linearizer and the polynomial. If P : C → C is a polynomial of degree at least 2 and L is a Poincaré function associated to a repelling fixed point of P then
This is a consequence of Theorem 1.4 below.
On the other hand, by Shishikura's famous results [Shi98] , there is a residual subset of the boundary of the Mandelbrot set where all maps have hyperbolic dimension two. Indeed, by [McM00, Section 12] , this is true in any non-trivial bifurcation locus of polynomials (and rational maps). By linearising such functions, we hence obtain many examples of entire functions having hyperbolic dimension two.
Corollary (Linearisers with dim hyp (L) = 2).
There exists a residual subset R of the boundary of the Mandelbrot set with the following property. For any c ∈ R, the Poincaré function L associated to a repelling periodic point of the polynomial z → z 2 + c belongs to class B, has finite order and dim hyp (L) = edim hyp (L) = 2.
While the set R is residual, there are no known explicit examples with hyperbolic dimension equal to two. However, using classical Wiman-Valiron theory, we show also that one inequality (1.2) holds more generally for linearisers of any entire function (polynomial or transcendental, and regardless of the connectivity of the Julia set):
Theorem (Eventual hyperbolic dimension of linearisers).
Let f : C → C be a nonlinear entire function, and let L be a Poincaré function associated to a repelling fixed point of f . Then
In particular, we obtain the following completely explicit example of a hyperbolic entire function having hyperbolic dimension two (albeit of infinite order and extremely rapid growth).
Corollary (Exponential lineariser).
Consider the function f : C → C; z → 2πie z , and let L be a Poincaré function of f at the fixed point 2πi. Then edim hyp (L) = 2.
If furthermore L is normalised such that |L (0)| < 1 20 , then L is hyperbolic with connected Fatou set.
Remark. Observe that the function L even belongs to the Speiser class of transcendental entire functions whose set of critical and asymptotic values is finite.
In order to prove the above theorems, we introduce a useful quantity, called the vanishing exponent of a function f ∈ B. This exponent always provides an upper bound for the eventual hyperbolic dimension of f ; see Section 3 and, in particular, Lemma 3.1 and Lemma 3.3.
Definition (Vanishing exponent).
Let f ∈ B. Then the vanishing exponent ϑ(f ) is defined as
Eventual hyperbolic dimension and quasiconformal equivalence. Two entire functions f and g are called quasiconformally equivalent if there are quasiconformal homeomorphisms ϕ, ψ : C → C such that
and affinely equivalent if ϕ and ψ can be chosen to be affine. Quasiconformal equivalence classes form the natural parameter spaces of transcendental entire functions.
It was proved in [RS10] that, for any function f ∈ B, the dimension of the escaping set (those points converging to infinity under iteration) does not change under affine equivalence, and the question was raised [RS10, Question 1.7] whether or not this remains true under quasiconformal equivalence. The same article also introduced a notion similar to our concept of eventual hyperbolic dimension: the eventual dimension
This quantity is also invariant under affine equivalence; the same argument shows that the eventual hyperbolic dimension from Definition 1.1 is invariant by affine equivalence for functions in B. In fact, it can be shown that, for f ∈ B, always edim hyp (f ) ≤ edim(f ) = dim(I(f )).
This raises the natural question of whether the eventual hyperbolic dimension remains constant inside quasiconformal classes. We can deduce from Theorem 1.2 that this is not the case.
Corollary (Eventual hyperbolic dimension may change).
There exist functions f, g ∈ B of finite positive order such that f and g are quasiconformally equivalent, but such that
Furthermore, f is quasiconformally conjugate to z → e z − 2 on a neighbourhood of its Julia set, and likewise for g.
Independent work of Mayer and Urbański. While this article was being completed, and after our results were first announced, Volker Mayer and Mariusz Urbański informed us of a new preprint [MU19] also treating the measurable dynamics and thermodynamic formalism of hyperbolic entire functions, including Poincaré functions of polynomials. In particular, they give an alternative proof of our Theorem 1.2, and show that the final inequality can be replaced by edim hyp (L) < dim hyp (L) < 2 if P is hyperbolic [MU19, Theorems 1.6 and 7.3]. Their results also imply an alternative characterisation of our vanishing exponent; see Remark 3.2, item (d).
Notation and preliminaries
As usual, N denotes the set of non-negative integers and C denotes the complex plane. The (Euclidean) disc of radius R around a point z ∈ C is denoted D(z, R). An important subset of J(f ) is provided by its radial points (also known as conical points) [Prz99, McM00, Rem09a] , as mentioned in the introduction.
Definition (Radial Julia set).
Let f be a rational or transcendental meromorphic function. The radial Julia set of f , denoted J r (f ), consists of all points z ∈ J(f ) for which there are a positive number r and an increasing sequence (n k ) k∈N of natural numbers with the following property: for all k ∈ N, the inverse branch of f n k that sends f n k (z) to z extends to the spherical disc of radius r around f n k (z).
Let f be a nonlinear entire function. Partition functions, also known as the Poincaré sequence (see [Prz99] ) will play an important role in some of our arguments. They measure, in a certain sense, the size of the preimage of a small disc around a point w under the n-th iterate of f .
Definition (Partition functions).
Let f again be rational or transcendental meromorphic. Let σ be a conformal metric on C, let t > 0 and w ∈ C. Then the Poincaré sequence of f is the sequence of partition functions
where Df n (z) σ denotes the norm of the derivative of f n at z.
By a conformal metric σ we mean here a form that can be written as ρ σ (z)|dz| with ρ σ (z) > 0 for all z ∈ C; the norm of the derivative of a holomorphic function ϕ with respect to σ is
The metric used will be one of the Euclidean or spherical metric or the cylindrical metric |dz|/|z| (defined on C \ {0}), or its one-sided version ρ oc (z) = 1 max |z|, 1 .
We shall write Z eucl , Z cyl , Df (z) oc etc. to indicate which metric is used. For polynomials, the choice of metric in the definition of partition functions is usually irrelevant, as long as the metric is defined in a neighbourhood of the Julia set, which is compact. For transcendental entire functions, we shall usually use the (one-sided) cylindrical metric.
Proposition (Continuity of partition functions).
Let σ : C → R >0 be the bounded density of a conformal metric on C. Assume that
Then for all t ≥ 0 the partition function
is continuous on a neighborhood of w.
Remarks.
(a) The condition (2.1) is satisfied by the one-sided cylindrical metric.
(b) If |w| is large enough then condition (2.2) is automatically satisfied; see (2.6) below.
Proof. Let
Then for all z ∈ f −1 (w), the map f has a well defined holomorphic inverse branch f −1 z defined on the disk D (w, r) such that f −1 z (w) = z. Let u ∈]0, 1[. It follows from the distortion theorem that there exists κ = κ(u) > 1 such that κ(u) → 1 as u → 0 and for all ξ ∈ D (w, ur)
Using (2.2) and the above we
Moreover we can also assume that
From the above and (2.3) it follows that there exists C = C(u) > 1 such that C(u) → 1 as u → 0 and for all ξ ∈ D (w, ε) and all z ∈ f −1 (w)
By definition, for every t < dim hyp f (with f an entire function) there is a hyperbolic set of dimension at least t. This implies easily that the partition functions of f with exponent t grow exponentially. We shall require a sharper, but more technical statement, given by Lemma 2.5 below. It states roughly that, if the definition of the partition function is modified to count only preimages near a given point in the Julia set, the growth remains exponential. As we are not aware of a reference, we include a proof in Appendix A for completeness.
Lemma (Local growth of partition functions).
Let f be a non-constant, non-linear entire function, and let U be an open set intersecting the Julia set of f . Let t < dim hyp f .
Then there exists a Jordan domain D ⊂ U , positive constants C, β, a and b, a sequence I p p of positive integers, a sequence of finite families of simply connected domains D p i 1≤i≤Ip , D p i ⊂ D and a sequence of integers (ν p ) p≥1 converging to ∞ such that ν p − ap ≤ b for all p, and such that the following holds.
For all p ≥ 1 and all
Pressure and topological Collet-Eckmann maps. If f is a polynomial 2 , then the topological pressure of f is defined as
This function is defined and independent of w provided that w does not belong to a certain set E ⊂ C \ PS(f ) of zero Hausdorff dimension; see [Prz99] . There are several other (equivalent) definitions of the pressure function, see [Prz99, PRLS04] . A key property of the pressure function is that the hyperbolic dimension of f coincides with the smallest zero of P; see [DU91, Prz93, Prz99] , and also [PRLS04, PU10] . Furthermore, P(t) is convex in t.
Remark. The formula (2.5) can also be used to define the pressure for a large class of transcendental entire or meromorphic functions in B including the Speiser class, see [BKZ12] .
Here P(t) may be infinite. Again, the hyperbolic dimension is given by the infimum of the set of t for which the pressure is not positive. However, we will only use the pressure functions of polynomials.
It is possible to characterise the topological Collet-Eckmann (TCE) condition using the values of the pressure function; this is the most convenient definition of TCE for our purposes. For many other equivalent definitions of the TCE condition, see [PRLS03] .
Definition (Topological Collet-Eckmann maps).
A polynomial satisfies the topological Collet-Eckmann condition if its pressure P(t) is negative for large values of t.
Since the pressure function is convex in t, for TCE maps there is a unique zero of P, which coincides with the hyperbolic dimension. We will also use the following result.
Theorem (Hausdorff dimensions of polynomial Julia sets).
Let P be a polynomial with connected Julia set, and suppose that P is not conformally conjugate to a Chebyshev polynomial or a power map. Then dim(J(P )) > 1.
If, moreover, P satisfies the topological Collet-Eckmann condition, then
Proof. The first inequality is well-known. Indeed, by [Zdu90, Theorem 2], the Hausdorff dimension of the Julia set of P is greater than the Hausdorff dimension of the equilibrium measure of P . The equilibrium measure is given by the harmonic measure on J(P ), as viewed from ∞ [Bro65, Section 16]. If J(P ) is connected, then the basin of infinity is simply-connected, and the dimension of the harmonic measure on the boundary of a simply-connected domain is 1 [Mak85] ; see also [GM05, Section VI.5].
The strict upper bound for TCE maps follows from [PRLS03, Theorem 4.3].
The Eremenko-Lyubich class. Recall that the Eremenko-Lyubich class B is defined as 
In particular, the cylindrical derivative of Df (z) cyl at z tends to infinity as f (z) → ∞.
Hyperbolic and disjoint-type entire functions.
Definition (Hyperbolic functions).
A transcendental entire function f is said to be hyperbolic if f ∈ B and S(f ) is a subset the union of the basins of attraction of the attracting periodic cycles of f .
Equivalently, a transcendental entire function f is hyperbolic if PS(f ) is a compact subset of the Fatou set. Compare [RS17] for a discussion of and background on the definition of hyperbolicity for transcendental functions.
An entire transcendental function is said to be of disjoint type if it is hyperbolic with connected Fatou set. We remark that any function f ∈ B can be rescaled into a disjointtype function; more precisely, λf is of disjoint type provided that |λ| is small enough; see e.g. [BK07, Example p.392].
Vanishing exponent and eventual hyperbolic dimension
In this section we investigate the eventual hyperbolic dimension for functions in the Eremenko-Lyubich class, using the vanishing exponent ϑ(f ) defined in Definition 1.6. We begin by connecting this exponent with the eventual hyperbolic dimension. We then show that both exponents are at least 1, and equal 1 for some functions in the Mayer-Urbański class of functions satisfying the balanced growth condition (Proposition 3.6). Finally we turn to the behaviour of both quantities under affine and quasiconformal equivalence.
Vanishing exponent. Note that the series in the vanishing exponent from Definition 1.6 is precisely the cylindrical partition function Z cyl (t, f, w). We begin by relating this exponent to the behaviour of the partition functions of the disjoint type functions λf , as λ tends to zero.
3.1. Lemma. Let f ∈ B and t ≥ 0. Then the two following statements are equivalent.
Proof. As the cylindrical metric is invariant under linear rescalings, it follows that Z cyl (t, λf, w) = Z cyl t, f, w λ for all λ ∈ C * and all w. Hence, the two properties are equivalent. 3.2. Remark (Vanishing exponents). 
sufficiently large, then all preimages of w have modulus at least 1, and hence the density of the two metrics agree at these preimages. Similarly, for |w| > 1 and all sufficiently small λ, Z cyl (t, λf, w) = Z oc (t, λf, w). So we may replace the cylindrical metric by the one-sided cylindrical metric in Lemma 3.1, and also in the definition of the vanishing exponent. Hence ϑ(f ) is also the critical exponent for finiteness of the partition function. Moreover, the authors introduce another exponent, Θ(f ), related to an "integral mean spectrum". For certain functions -those which have "negative spectrum" in the sense of [MU19] -this exponent agrees with our vanishing exponent ϑ(f ).
Lemma (Vanishing exponent and eventual hyperbolic dimension).
Let f ∈ B. Then
and
Proof. Let t > ϑ(f ). We shall show that, if |λ| is small enough, the hyperbolic dimension of f λ . . = λf is smaller than t.
If |λ| is sufficiently small, then Z cyl (t, f λ , w) ≤ 1/2 whenever |w| ≥ 1. Furthermore, again for λ small enough, the singular set of f λ is a subset of the disc D 0, 1 2 and f λ (D(0, 1)) ⊂ D 0, 1 2 . As a consequence, the forward orbits of the elements of the singular set of f λ belong to D 0, 1 2 and the Julia set lies in the complement of the closed unit disc.
Fix such a λ and let X be a hyperbolic set for f λ , say X ⊂ D(0, R) with R > 1. Cover X by a finite family Q of closed topological discs Q ⊂ D(0, R) \ D(0, 1). For such Q and n ≥ 0, let U n (Q) denote the set of connected components of f −n λ (Q) intersecting X. Then U n . . = Q∈Q U n (Q) is a cover of X for all n ≥ 0. We shall use these covers to estimate the Hausdorff dimension of X from above.
For each Q ∈ Q, there is a slightly larger topological discQ ⊃ Q disjoint from D(0, 1/2), and thus not intersecting PS(f ). Hence, if n ≥ 1 and U is a connected component of f −n λ (Q), then f n λ is univalent on the componentŨ of f −n λ (Q) containing U . Observe thatŨ does not intersect D(0, 1) by choice of λ. Applying Koebe's distortion theorem to a branch ϕ of log (f n λ |Q) −1 , there is a constant C 0 > 1 (depending only on Q) such that
for all z, ζ ∈ U . In particular, there is a constant C 1 depending only on Q such that
Let Q ∈ Q and fix ζ Q ∈ Q. For every n ≥ 1 and all U ∈ U n (Q), let ζ U be the unique
as n → ∞. Thus dim(X) ≤ t, and the first claim of the lemma is proved. The proof of the second claim is very similar. Choose t > ϑ(f ) and let R 0 > 0 large enough so that Z cyl (t, f, w) ≤ 1/2 for |w| > R 0 .
Let X be a hyperbolic set of f which lies outside the disc of radius R 0 + 1. We now continue as above, and cover X by a finite union Q of closed topological discs Q, for each of which there is a larger discQ that does not intersect D(0, R 0 ) and is contained in a neighbourhood of X on which the map f is expanding. The latter assumption ensures that, whileQ may intersect the postsingular set, any component of f −n (Q) that intersects X lies outside D(0, R 0 ) and is mapped univalently toQ. The remainder of the proof proceeds as above, and we conclude that dim X ≤ t. This proves the second claim.
Corollary (Non-maximal hyperbolic dimension).
If ϑ(f ) < 2 and if f is of disjoint type, then dim hyp (f ) < 2.
Proof. By Lemma 3.3, there is λ < 1 such that dim hyp (f λ ) < 2. Since both f and f λ are of disjoint type, it follows from Theorem 3.1 of [Rem09b] that these maps are quasiconformally conjugate on neighborhoods of their respective Julia sets.
Let t 0 < 2 be an upper bound for the dimension of the hyperbolic sets of f λ . The hyperbolic sets of f are the images of the hyperbolic sets of f λ under the above-mentioned quasiconformal conjugacy ψ. By [GV73, Theorem 12], the dimensions of these images are bounded by a constant t 1 < 2 depending only on t 0 and the quasiconstant of ψ.
Remark. Suppose that f is a disjoint-type entire function and ϑ(f ) < 2. It is mentioned in [MU19, Section 8] that various results from the theory of thermodynamic formalism, as developed in [MU08, MU10] will carry over for t > ϑ(f ). In particular, if t 0 . . = dim hyp (f ) > 2, then there is a probability measure that is conformal (with respect to the cylinder metric) and supported on the radial Julia set. In particular, it follows that t 0 < 2, giving an alternative proof of Corollary 3.4.
It is a natural question to ask whether always dim hyp (f ) > edim hyp (f ) when f is of disjoint type with edim hyp (f ) < 2. This was recently answered in the negative by Mayer and Zdunik [MZ19] , who show that there is a disjoint-type entire function f with edim hyp (f ) = dim hyp (f ) = ϑ(f ) < 2. Moreover, there is no conformal (with respect to the cylinder or spherical metric) probability measure of exponent ϑ(f ) that is supported on the radial Julia set.
A lower bound on the eventual hyperbolic dimension. We now give the details concerning the facts, stated in the introduction, that the eventual hyperbolic dimension of a function f ∈ B is at least 1, and that this lower bound is achieved by some of the functions studied by Mayer and Urbański.
Lemma (Eventual hyperbolic dimension in B).
Let f ∈ B, and let R > 0. Then sup
where the supremum is taken over all hyperbolic sets X ⊂ C \ D(0, R). In particular,
Proof. We may assume that R is sufficiently large to ensure that S(f ) ⊂ D(0, R/2). Then every component of f −1 (C \ D(0, R)) is a logarithmic tract of f over infinity, and the first part follows from [BKZ09] . The second part is a direct consequence of the first, together with the definition of edim hyp (f ), and Lemma 3.3.
Let us use the vanishing exponent to justify the claim in the introduction that entire functions f ∈ B covered by the results of [MU08] have eventual hyperbolic dimension 1.
It is worth noting that [MU08] treats more than just entire functions. Their results cover finite-order meromorphic functions. In our work we restrict to the entire case. Furthermore, [MU08] does not explicitly restrict to functions in B, although we are not aware of any known examples of entire functions outside of B to which their results apply. An entire function f ∈ B of finite positive order ρ has balanced growth in the sense of Mayer-Urbański if there exists C > 1 such that for all z ∈ J(f ),
Proposition (Eventual hyperbolic dimension and balanced growth).
Let f be a class B entire function of finite order ρ. Suppose that f has balanced growth in the sense of Mayer-Urbański. Then edim hyp (f ) = ϑ(f ) = 1 < dim hyp (f ).
Proof. By Lemma 3.5, it only remains to show that ϑ(f ) ≤ 1. The balanced growth condition (3.1) means precisely that Df (z) cyl is comparable to max(|z|, 1) ρ for z ∈ J(f ), where ρ is the order of growth of f . So
for sufficiently large w ∈ J(f ). (Here ≈ means that the two sides are uniformly comparable.)
Fixt > t > 1. By [MU08, Proposition 4.5], the second sum in (3.2) remains bounded as w → ∞. Hence z∈f −1 (w) 1/|z| ρt tends to zero as w → ∞. We conclude that . A simple application of Koebe's distortion theorem -which we provide below in Lemma 3.7 for completeness -shows that Z cyl (t, f, w)) and Z cyl (t, f,w)) are comparable when |w| = |w| and this modulus is sufficiently large. Therefore (3.3) also holds for the unrestricted limit w → ∞, and ϑ(f ) ≤t. Ast > 1 was arbitrary, the proof is complete.
Lemma (Distortion bounds on partition functions).
Let f ∈ B and C > 1. Then there is R > 0 such that Proof. The second claim is immediate from the definition. We show that edim hyp (g) ≥ edim hyp (f ); the first claim then follows trivially. Let K > 1. By [RS10, Corollary 2.2] (see also [Rem09b, Section 3]), there exist R > 0 and a K-quasiconformal map ϑ : C → C such that (3.5) ϑ(f (z)) = g(ϑ(z)) for all z ∈ J R (f ) = z ∈ J : |f n (z)| ≥ R for all n ≥ 0 . Let S > 0 and suppose R > 0 is large enough, so that |ϑ(z)| ≥ S for all |z| ≥ R. From the conjugacy (3.5), it follows that if X ⊂ J R (f ) is an hyperbolic subset for f , then Y . . = ϑ(X) is a compact subset of J S (g) which is forward invariant by g. By (2.6), Y is a hyperbolic set for g, assuming S was chosen sufficiently large.
From Theorem 8 of [GV73] , one deduces the following inequality:
This implies that edim hyp (f ) ≤ K edim hyp (g). Since K can be chosen arbitrarily close to 1, the result follows.
As stated in Corollary 1.7, the eventual hyperbolic dimension is not invariant under quasiconformal equivalence, and the proof will show that the same is true for the vanishing exponent. However, the condition of having full eventual hyperbolic dimension is preserved under quasiconformal equivalence.
3.9. Proposition (Quasiconformal equivalence and eventual hyperbolic dimension). Let f, g ∈ B be quasiconformally equivalent. If edim hyp (f ) = 2, then edim hyp (g) = 2.
Proof. This follows again from [Rem09b] . We begin as in the proof of Theorem 3.8. The quasiconformal map ϑ still exists in this setting [Rem09b, Theorem 1.1], but it is no longer necessarily true that K can be chosen arbitrarily close to 1. Let S and R be as in the above proof, and let X be the union of all hyperbolic sets of f contained in J R (f ). Then Y . . = ϑ(X ) ⊂ J S (g) is a union of hyperbolic sets of g.
Since edim hyp (f ) = 2, we have dim(X ) = 2 by definition. As quasiconformal maps preserve sets of Hausdorff dimension 2 [GV73, Corollary 13], it follows that dim(Y) = 2. Since S can be chosen arbitrarily large, we conclude that edim hyp (g) = 2, as claimed.
Remark. It is natural to ask whether the condition ϑ(f ) = 2 is also preserved under quasiconformal equivalence. It seems plausible that this is the case, at least for functions with a finite set of singular values. Observe that this question is similar in spirit to [ER15, Proposition 4 .2]; we leave it aside as it will not be required for the purposes of this paper.
Poincaré functions
In this section, we review some basic facts about the mapping properties of Poincaré functions. Recall that a Poincaré function, or lineariser, is an entire solution of the equation L(ρz) = f (L(z)), with L(0) = ξ 0 . Here f is an entire function with a repelling fixed point ξ 0 with multiplier ρ. If one fixes the value of L (0) to some non zero complex number, then the solution is unique. The unique Poincaré function such that L (0) = 1 is called the normalised Poincaré function of f at ξ 0 .
Remark (Normalisation).
Let f, ξ 0 , L be as above and let ϕ be a nonconstant affine map and λ ∈ C * . Then the mapping f 1 . . = ϕ•f •ϕ −1 has a repelling fixed point at ξ 1 . . = ϕ(ξ 0 ) with multiplier ρ . . = f (ξ 0 ). Then the function L 1 (z) . . = ϕ•L(λz) is a Poincaré function for (f 1 , ξ 1 ). In particular, if the postsingular set of f (and hence of f 1 ) is bounded, then it follows from Theorem 3.8 that edim hyp (L 1 ) = edim hyp (L) and ϑ(L 1 ) = ϑ(L).
For example if f and ξ 0 are as above and L is a Poincaré function of f at ξ 0 , then
is the normalised Poincaré function of z → f (z + ξ 0 ) − ξ 0 at 0. Therefore, in the following, we can usually assume that ξ 0 = 0 and that a given Poincaré function is normalised. Let L be a Poincaré function of an entire function f . Then we can use the defining functional relation to describe the preimage L −1 (w) of a point w ∈ C in terms of the iterated preimages of w under f , as follows. (See Figure 1.) 
Remark (Quasiconformal equivalence of linearisers

Observation (Preimage structure of linearisers).
Let f be an entire function with a repelling fixed point ξ 0 of multiplier ρ, and let L be a Poincaré function of f at ξ 0 . Let ∆ 0 = D(0,|ρ| r 0 ) be a small disc around 0 on which L is univalent, and set
In particular A 0 is a fundamental domain for z → ρz.
Let w / ∈ L(∆ 0 ) and n ≥ 1 and define
Finally, let z ∈ E n and set ζ .
Proof. The claims follow immediately from the functional relation (1.1).
We will need the following result (compare also [ER15, p. 581, Footnote 2]).
Proposition ([MBP12, Proposition 4.2 (ii)]).
Let f be an entire function and let L be a Poincaré function of f . Then S(L) = PS(f ).
A lower bound
The following result, together with Theorem 3.8, implies Theorem 1.4.
Theorem.
Let f be a non-constant entire function which is not affine. Let L be the normalised Poincaré function associated to a repelling fixed point of f . Then
In the proof of this theorem, we construct a sequence of closed round annuli A k , centered at 0 and with distance to 0 converging to ∞, and satisfying the following: for any t < dim hyp f , the first partition function of L |A k ∩L −1 (A k ) with exponent t will be bounded from below by a large constant as long as k is large enough. The domain of L is on the left, while the range (the dynamical plane of P ) is on the right. An approximation of a fundamental annulus for the dynamics of P is shown in grey on the right. The five preimages of w . . = 2 + 2i by P 15 which belong to the annulus are represented by white discs with black borders. (Two of these preimages lie very close together.) The filled Julia set of P is shown in black in the background. On the left, A 0 is drawn as a small dark grey round annulus with its centre at 0. The different annuli |ρ| k A 0 are differentiated by white and light grey colors. The annulus |ρ| 15 A 0 is also represented in dark grey. By Observation 4.3, this annulus contains exactly five elements of L −1 (2 + 2i), corresponding to the five points shown on the right; these are the elements of E 15 .
From the Eremenko-Lyubich estimate (2.6) it follows that the set X of points whose orbits stay inside the annulus A k is a nonempty hyperbolic set for L for k large enough. Since the first partition function for this hyperbolic set is bounded from below by a constant which can be chosen as large as necessary (again with k large enough), the dimension of the set X is at least t. This implies edim hyp L ≥ t for any t < dim hyp f , and hence the stated conclusion.
We start with the basic construction of the sequence (A k ) k . This is done in the following lemma.
Lemma.
Let f be a transcendental entire function or a polynomial of degree d ≥ 2. Let R f > 0, m > 2 and ρ a complex number such that |ρ| > 1. Let M = 4 + 2m log |ρ| Then there exists a sequence of natural numbers n k → ∞, and a sequence of bounded open subsets of the complex plane S k (with an explicit description given below) satisfying the following. Let
• there is a sequence of complex numbers ξ k → ∞ and a nondecreasing sequence of natural numbers N k such that
Moreover Wiman-Valiron theory applies at ξ k on S k with central index N k , that is,
with ε 0 (z) + ε 1 (z) ≤ ε k for all z ∈ S k and ε k → 0; (c) We have the following estimate:
Finally,
Proof. We do a similar construction as the one that can be found in the early reference [Ere89] . For any r ≥ 0, denote by ξ(r) a definite arbitrary choice of a complex number such that |ξ(r)| = r with |f (ξ(r))| = M (r, f ). Let M > 1. From Wiman-Valiron theory, we know that there exists an exceptional set E ⊂ R + of finite logarithmic measure (that is lm E . . = E dx x < ∞), a nondecreasing function r → N (r) from R >0 \E to N, and a positive function r → ε(r) converging to 0 as r → ∞, such that the following is satisfied for all r ∈ R >0 \E:
(a) For all z ∈ D ξ(r), 2M r N (r) ,
with ε 0 (z) + ε 1 (z) ≤ ε(r) for all z in that disk. (b) We have the following estimate:
In the case where f is a polynomial map of degree d ≥ 2, the above is still true if the central index N is replaced by the constant equal to d and the exceptional set E is some bounded subset of R >0 depending on f . Now recall that M = 4 + 2m log |ρ|. With this, one can construct a sequence of points ξ k and of sectors
and which is such that f (S k ) contains both S k+1 and the round annulus A k ξ k+1 , where n k ∈ N. For f transcendental the ratio M/N (r) tends to 0 as r → ∞ and thus we can assume that e M/N (r) ≤ 1 + 2M N (r) for all r large enough. In the polynomial case M/N (r) is still bounded and it is possible to find a κ > 1 large enough so that e M/N (r) ≤ 1 + κM N (r) and work with κM N (r) instead of 2M N (r) . Choose first r 0 / ∈ E and let ξ 0 = ξ(r 0 ) and
Suppose now ξ k , and thus S k have already been defined. The mapping
sends S k univalently onto the square
Assuming r 0 large enough, |log f − ϕ k | = log (1 + ε 0 ) < 1 is true for any r ∈ [r 0 , +∞[\E. It then follows from Rouché's theorem that there exists an open subset U k ⊂ S k which is sent by log f univalently onto the square
In particular, the image of S k by f contains the annulus
Then, by definition of M , the integer n k = log |f (ξ k )/R f | log|ρ| − 1 ∈ N is such that A k ⊂ A k . Inequalities (5.5) follow from this choice. Note that for r 0 large enough, we will have n k → ∞. Choosing r 0 large enough, one has lm E∩]r 0 , +∞] < lm (A k ∩R >0 ). Hence there is a r k+1 ∈ (A k ∩R >0 ) \E. Also, one can suppose r 0 large enough so that N (r) ≥ 2 for all r ≥ r 0 . As a consequence, one can find a ξ k+1 ∈ A k , with |ξ k+1 | = r k+1 and S k+1 ⊂ A k . Now we can use Lemma 5.2 to prove Theorem 5.1.
Proof of Theorem 5.1. (See Figure 2) . Let ρ be the multiplier of the repelling fixed point. Let A 0 = A(R f , |ρ|R f ) be the fundamental annulus from Observation 4.3 (i.e. R f = r 0 /|ρ|). Take D ⊂ A 0 , a, b, C, β > 0 and the sequence ν p , (D p i ) i=1,...,Ip p as in Lemma 2.5 and let m = a + 2b + 2. Lemma 5.2 gives the sequences of annuli A k , of natural numbers n k and N k , of sets S k , and of points ξ k .
The domain D intersects the Julia set of f , hence the family (f k ) k∈N is not normal on D and for any bounded G there is k such that G ⊂ f k (D). It follows from the Ahlfors island theorem that there exists a subdomain D 0 ⊂ D, j ∈ {0, 1, 2} and k 0 ≥ 1 such that f k 0 send D 0 univalently onto S j . If necessary, we remove the first terms of the sequence of S n so that j = 0.
Hence, for all w ∈ A k , there exists ω ∈ D 0 , such that, f k 0 +j (ω) ∈ S j for all j = 0, . . . ., k−1 and f k 0 +k (ω) = w.
For all k, there is a integer p k ≥ 0, such that
From above and Lemma 2.5, it follows that one can choose a sequence of p k having the following properties. Let ν + k . . = ν p k + k + k 0 , then n k + 1 ≤ ν + k ≤ n k + m − 1, inequality (2.4) is satisfied and for all i = 1, . . . ,
Given k large choose an open set W k such that A slit k . . = A k \W k is simply connected and
Consider the finite family of sets:
We will show that the first partition function of the system of conformal isomorphisms (L |X k i , X k i ) i=1,...,I k taken with respect to the cylindrical metric becomes arbitrary large as k → ∞. This would imply that the (cylindrical) pressure function for the IFS (L |X k i , X k i ) i=1,...,I k is positive for k large.
Let w ∈ ρ ν + k A 0 and consider the first (modified) cylindrical partition function 3 of the system evaluated at w:
where
For all z i ∈ X k i , one has
is uniformly bounded away from 0 and ∞. Finally, the same is true for the derivative of f k 0 |D . Hence Z(w) is comparable to
From Wiman-Valiron estimates (5.2) and (5.3), if follows that for any y ∈ S k , one has f (y) = (1 + ε 2 (y))N k f (y) y for some bounded ε 2 . This implies, Figure 2 . Illustration of the proof of theorem 5.1.
for some constant C 1 > 0. Consequently, for k large enough,
for suitable constants C i > 0. From (5.5) it follows that there exists C 5 > 1 such that (5.6) C −1 5 log M (r k , f ) ≤ n k ≤ C 5 log M (r k , f ). In particular from the above (5.4), and the fact that n k → ∞ it follows that there exists C 6 > 0 such that N j ≤ C 6 n 2 j+1 for all j ≤ k. Hence for j < k, N 0 N 1 · · · N k−1 ≤ C k 6 (n 1 · · · n k ) 2 . Since the map f is entire it follows from (5.6) that the ratio e βn k (n 1 ···n k ) 2t grows to ∞ as k → ∞ faster than any exponential growth in k.
Linearisers of polynomials
The following result, when combined with Theorem 5.1, will establish Theorem 1.2.
Lemma.
Let L be a Poincaré function for a topological Collet Eckmann polynomial P such that J(P ) is connected. Then edim hyp (L) ≤ ϑ(L) ≤ dim hyp (P ).
Proof. The first inequality is given by Lemma 3.3. Hence we must only prove the second.
Fix r 0 small so that the restriction of L to a neighborhood of the disk D 0 = D(0, r 0 ) is univalent. Let A 0 = D 0 \D(0, r 0 /|ρ|), D P = L(D 0 ), A P = D P \P −1 (D P ) and =L −1 |D 0 . Note that, for w / ∈ D P , the sets P −n (w) ∩ A P are empty for n ≤ ν, with some ν = ν(w) such that ν → ∞ as w → ∞. And more precisely ν(w) grows like log log |w| log d . From Observation 4.3, it follows that, for any t > dim hyp P and w with |w| large,
where u = (ζ). Since A 0 is fixed and L is close to the identity near 0, the factor uL (u) is bounded away from 0 and ∞ uniformly in u ∈ A 0 . It follows that it is enough to verify the following claim.
Claim. Denote by Z eucl (t, P n , w) the first partition function for P n in the euclidian metric:
Then, the series n≥ν |w| t Z eucl (t, P n , w) converges to 0 as w → ∞.
Proof of the Claim. The polynomial P is topologically Collet-Eckmann and t > dim hyp P . Hence the topological pressure associated to P is negative at exponent t.
From that it follows that for any bounded set F compactly embedded in the basin of attraction of ∞, there exists C F > 0 and π t > 0 such that for all ζ ∈ F and all m ≥ 0, (6.1)
Suppose F is an annulus which is a foundamental domain for the dynamics of P in the basin of attraction of ∞.
Given ε > 0, we can choose F close enough to ∞ so that for w in the unbounded component U of the complement of F , there exists k = k(w) ∈ N, with ν(w) ≥ k(w) → ∞ as w → ∞, and satisfying the following. The set P −k−1 (w) is a subset of F and for all
ξ ∈ U ∪F , which implies P k (ζ) = P (ζ)P (P (ζ)) · · · P (P k−1 (ζ))
Now we suppose F fixed and consider w ∈ U ,
where we have applied (6.1) with m = n − k ≥ 0. The set F is bounded and the set P −k (w) has at most d k points, thus,
for some constant C F,t > 0 depending only on F and t > dim hyp P .
As t > 1, it is possible to choose ε > 0 so that the right hand side tends to 0 as w → ∞.
Proof of Theorem 1.2. Suppose that L is a Poincaré function for a topological Collet-Eckmann polynomial P with connected Julia set. Then edim hyp L ≥ dim hyp P by Theorem 5.1 and edim hyp L ≤ ϑ(L) ≤ dim hyp P < 2 by Lemma 6.1 and Theorem 2.7. Recall that edim hyp ≥ 1, so we have 1 ≤ edim hyp (L) = ϑ(L) = dim hyp (P ) < 2, establishing the first claim of the theorem. If L is of disjoint type, then dim hyp (L) < 2 by Corollary 3.4.
Moreover, if P is not conformally conjugate to a Chebyshev polynomial or a power map, then dim hyp P > 1 by Theorem 2.7.
Non invariance inside quasiconformal classes
Proof of Corollary 1.7. For c in the main hyperbolic component H, let L c be the normalised Poincaré function of the unique repelling fixed point of the polynomial P c . Then, by Proposition 4.4, the map L c has bounded postsingular set. Moreover its order ρ is given by the following: ρ = log 2 log |λ| where λ is the multiplier of the repelling fixed point (see [ES90] ).
Since the polynomial P c is hyperbolic, its hyperbolic dimension is equal to the dimension of its Julia set. Hence by Theorem 1.2, edim hyp L c = dim J(P c ).
The dimension of the Julia set is real analytic in c ∈ H and nonconstant, see [Rue82] . Moreover, since the Julia set is a nondegenerate continuum, its dimension is bounded from below by 1. Meanwhile, all nonzero c inside this hyperbolic components are quasiconformally conjugated to each other. Then, from Remark 4.2, it follows that the corresponding Poincaré functions are quasiconformally equivalent. Now we fix some c = 0 in the main hyperbolic component and we use the notation L for L c . It remains to show that for a choice of λ > 0 the function f = λL is quasiconformally conjugate to the map E(z) . . = e −2 e z (which is globally conjuated to z → e z − 2) on a neighbourhood of the Julia sets.
Our aim is to apply Theorem 3.1 of [Rem09b] . We first need to recall a specific definition from this statement. If f and g are entire functions, they are said quasiconformaly equivalent near infinity if there are quasiconformal functions ϕ, ψ : C → C such that ϕ f (z) = g ψ(z) whenever |f (z)| and |g(ψ(z))| are large enough.
Then, by [Rem09b] , Theorem 3.1, if the functions f and g are of disjoint-type and quasiconformally equivalent near infinity, with the equivalence holding on disjoint-type tracts, then they are quasiconformally conjugated on a neighborhood of their respective Julia sets.
We will show that L and E are quasiconformally equivalent near infinity. Before that we need to check that the map L has only one tract and that this tract is a quasicircle.
Since the closure of the critical orbit is a subset of the interior of the filled Julia set K(P c ) of the polynomial P c , we can choose the tracts of L in a such way that their boundaries is the set Γ = L −1 (J(P c )). Since the Julia set of P c is a Jordan curve, the set Γ consists of simple (unbounded) curves. Moreover it follows from the invariance property of the Julia set that ρ n Γ = Γ for all n ∈ Z.
Since L is univalent near 0 and since the Julia set of P c is a Jordan curve, the intersection of Γ with a small disk D = D (0, r 0 ) around 0 is made up of simple curves consisting of the points z ∈ D such that L(z) ∈ J(P c ). For r 0 > 0 small enough there is only one connected component Γ 0 of Γ that intersects D. Moreover this component is invariant by multiplication by ρ. This implies that there is only one tract. Indeed if Γ 1 is a connected component of Γ then for any n ≥ 0 large enough ρ −n Γ 1 intersects D hence Γ 0 thus Γ 1 intersects ρ n Γ 0 ⊂ Γ 0 .
The set J(P c ) is a quasicircle. For any finite collection of points z 1 , z 2 , z 3 , . . . in Γ one can find n such that ρ −n z 1 , ρ −n z 2 , ρ −n z 3 , . . . all belong to D∩Γ. If follows from that and from the geometric characterization of quasicircle (see e.g. [Ahl63] ) that the curve Γ∪ {∞} is also a quasicircle. As a consequence the map L has only one tract over C\K(P c ) and it is a quasidisk.
The Julia set J(P c ) is bounded and bounded away from 0, hence the preimage of C\K(P c ) by the map E is a (single) tract of E and a quasidisk. By Remark 2.7 of [Rem09b] , it follows that L is quasiconformally equivalent to E on a tract, i.e. there are quasiconformal functions ϕ, ψ : C → C such that ϕ E(z) = L (z) whenever Re(z) is large enough.
A hyperbolic entire function with hyperbolic dimension 2
Proof of Corollary 1.5. Let f (z) = 2πie z . The only finite singular value of f is 0 and it is sent onto the repelling fixed point 2πi. Moreover, the two-dimensional Lebesgue measure of the escaping set of f is 0 (see for example [EL92] , Theorem 7). As a consequence, for almost all point z in C, there exists δ > 0 and a sequence of natural numbers n k → ∞ such that the spherical distance between f n k (z) and the postsingular set {0, 2πi, ∞} of f is at least δ 4 . By the main result of [Rem09a] , it follows that the hyperbolic dimension of f is 2. Hence, it follows from Theorem 1.4 that edim hyp L = 2. Now, let λ = L (0) and let r = π 8|λ| . We show that if |λ| < 1 20 then the image of the disk D (0, r) by L is a compact subset of itself.
Indeed, the mapping f is univalent on the disk D(2πi, π), and by the 1/4 Theorem, f D(2πi, π) ⊃ D 2πi, 2π · π 4 ⊃ D(2πi, π).
Hence the lineariser L has an inverse defined on that disk. Hence by the 1/4 Theorem, L is univalent on D(0, π/(4|λ|)) ⊂ L |D(2πi,π) −1 D (2πi, π) . By the Koebe Distortion Theorem, we have L D(0, r) ⊂ D(2πi, 2r|λ|) = D(2πi, π/2).
The claim follows then from the assumption |λ| < 1/20. According to Proposition 4.4, the singular set of L is the postsingular set of f . Hence it consists only of the two points 0 and 2πi. As a consequence, the disk D (0, r) is a subset of the Fatou set of L which absorbs all the singular orbits. Hence, the function L is hyperbolic and its Fatou set is connected.
A. Existence of an IFS
In this section we show that near every point of the Julia set of an entire function f , there is a finite conformal iterated function system, made of inverse branches of iterates of f , whose dimension is arbitrarily close to the hyperbolic dimension of f . Then we use this to bound the critical exponent of local pressures from below by the hyperbolic dimension. This is used when estimating the eventual hyperbolic dimension of a Poincaré function from below.
A.1. Lemma. Let f be an entire function and U an open set intersecting the Julia set of f . Then, for any ε > 0, there exists a finite conformal iterated function system defined on a subset of U made of inverse branches of iterates of f , such that the dimension of its limit set is at least dim hyp f − ε.
A.2. Remark. This is also true in more generality for Ahlfors island maps.
Proof. Let χ = D, (D i , ϕ i ) i∈I be a finite conformal iterated function whose limit set has dimension at least dim hyp f − ε, where, for all i, D i ⊂ D and ϕ i : D → D i is an inverse branch of some iterate f m i of f .
Since D intersects the Julia set of f , there exists a natural number N such that f N (D)∩U has nonempty interior and intersects J(f ). Let V ⊂ D closed with nonempty interior such that f N |V : V → U . . = f N (V ) ⊂ U is univalent and U intersects the Julia set of f . Since U intersects the Julia set of f , there exists a natural number M such that f M (U ) ⊃ D. Then one can find, for all i ∈ I, closed sets with nonempty interiors E i ⊂ U such that f M |E i : E i → f M (E i ) ⊂ D i is univalent. Let k be any sufficiently large positive integer and consider the conformal iterated function system Y k defined on U by the family of mappings f −M
, where (i 0, i 1 , . . . ., i k ) ∈ I k+1 . We claim that the dimension of its limit set is at least dim hyp f − ε 5 . Indeed, by using the pressure of the system X, we can find, for any t < dim hyp f − ε and for any constant C > 0, a k 0 such that for all k ≥ k 0 , we have
By a standard distortion argument, one can find k such that the first partition function of the system Y k is greater than a given constant. It follows that the pressure of the system Y k is positive for the exponent t. For any p ≥ 1, choose a bijection χ : 1, . . . , I p → S p with I p = #S p , and define, for 1 ≤ i ≤ I p , D p i . . = ϕ χ(i) (D). We will have equation (2.4) for β > 0 smaller than β 1 and an appropriate choice of C > 0. Finally, note that ap − b ≤ ν p < ap
